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Intro: data for inspiration & the modeling challenge

Wound healing around transplant
Recruitment and coordination of white blood-cells
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Intro: data for inspiration & the modeling challenge

Migrating cells
Sensing gradients (lactic acid)
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Intro: data for inspiration & the modeling challenge

Colon crypts
Stem cells coordination in a noisy environment
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Intro: data for inspiration & the modeling challenge

Quorum sensing
Synthetic circuit in vivo from Danino, et al., Nature 463, 2010
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Intro: data for inspiration & the modeling challenge

The modeling challenge
“How to think”

Aim: realistic and useful computational models of populations of living
cells.

“Realistic” flexible and understandable (= analyzable) numerical models,
that in perspective can incorporate all relevant processes

“Useful” (1) explanatory (incl. emergent behavior), (2) test
hypotheses, (3) predictive value, (4) help to build an
argument in cases where many factors are unknown

(1) is about modeling consistency & power, (2)+(3)+(4) mainly about
being able to incorporate data and about simulation performance
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Intro: data for inspiration & the modeling challenge

Risk of over-modeling
“...help to build an argument in cases where many factors are unknown...”

Caution:

I really detailed, or,

I imaginary accuracy, or,

I just a plain overfit?
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Intro: data for inspiration & the modeling challenge

Rest of the talk

1. Computational modeling: aim for a single scalable framework

2. Analysis in that framework: propagation of uncertainties & errors

3. Illustrations
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1. Computational modeling...

Computational modeling
inner-outer idea

Immediate idea: one type of model describing an individual cell (“inner
scale”), coupled together with a population level model (“outer scale”).

Challenge: the aim is a single (analyzable) framework. So: {inner workings
of singel cells, sensatory input/output, extracellular space, population
mechanics, ...} — also fast!
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1. Computational modeling...

A single framework
Properties

Real-world property Model implication

“noisy” stochastic
species discreteness discrete state

spatial inhomogeneous grid-based

The RDME
-A spatial continuous-time Markov chain stand out as a promising
alternative. This is the Reaction-Diffusion Master Equation, (a kind of
“discretized SPDE”).
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1. Computational modeling...

The idea 1
inner scale: RDME

Inside a cell, reactions and diffusion
of various molecules take place.

The rates for these events
determines what happens and when
in a stochastic, event-driven
simulation.

repeat
pick a random number
sample what happens and when
execute this event

until done
www.urdme.org
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1. Computational modeling...

A single framework?

-Cells are also discrete noisy objects, occuping space. Is there a
“cell-population RDME”?

-Differences: cells move due to (1) mechanics/pushing, (2) active
movements/crawling, and (3) experience adhesion.
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1. Computational modeling...

The idea 2
outer scale

Cellular pressure, propagated by a connecting spring model. The “flow” of
cells is driven by a gradient in this pressure (Darcy’s law).
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1. Computational modeling...

The idea 2
outer scale: DLCM

From three basic assumptions:

1. thermal movements are ignored

2. rapid equilibrium of pressure

3. movements only into less
crowded voxels

one derives a (discrete) Laplacian
with certain BCs and source terms.
Hence rates... hence events in
continuous time.

“Discrete Laplacian Cell Mechanics” (DLCM).

“Darcy’s Law Cell Mechanics”...
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1. Computational modeling...

Coupling of scales

Observation #1: since both the inner scale and the outer scale are formed
in continuous time, there is one and only one way of correctly coupling
them together.

Observation #2: the two types of models can be expected to take place at
different temporal scales. Approximation: evolve the inner scales one step
in time (e.g., in parallel), then connect at the outer scale.

-In fact, one can think of all sorts of computational tricks like this. Often:
accept a small(?) error for computational efficiency.
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2. ...numerical analysis

Analysis message
Terms & conditions

Want to use these models when any combination of

I stochasticity

I nonlinearity

I species discreteness

I spatial inhomogeneities

makes a difference. The model itself is therefore likely going to be
sensitive to perturbations in any of the above.

=⇒ A computational framework should allow for error estimates of useful
approximations.
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2. ...numerical analysis

A priori
Long story, but short

Notation: Xij =#molecules of species i in voxel j (RDME, but a similar
notation for the DLCM works too), ‖X‖2 ≡

∑
i ,j X2

ij .

=⇒ a priori : with suitable initial data and under certain assumptions on
the model formulation and the rates, one can show that the problem is
strongly well-posed, i.e., X exists and behaves well.

I E[sups∈[0,t] ‖X(s)‖p] bounded, any p ≥ 1

I if X(0) = Y(0) a.s., and if Y(t) is obtained by δ-perturbing the rate
intensities (r → (1± δ)r), then

lim
δ→0

E[‖X(t)− Y(t)‖2] = 0.
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2. ...numerical analysis

Analysis: Multiscale variable splitting
Set-up: ε, h

Consider a separation of scales:

I species are either abundant ∼ ε−1, or appear in low copy numbers ∼ 1

I rate constants are either fast ∼ 1, or slow ε

=⇒ rescaled variable X̄(t) ∼ 1.

Multiscale splitting methods:

“Hybrid”, Ȳ(t) all stochastic processes driving an abundant species are
replaced with mean drift terms, a “deterministic-stochastic
hybrid”

“Numerical”, Ȳ(h)(t) discrete step h; low copy number variables are first
simulated in [t, t + h) letting abundant species be frozen at
time t, next abundant species are integrated in [t, t + h)
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2. ...numerical analysis

Analysis of errors
Results

For certain explicit exponents (u, v)...

Multiscale error
Under certain assumptions,

I E[‖Ȳ(t)− X̄(t)‖2] = O(ε1+v + ε1/2+v/2+u)

Time-discretization error
Under the same assumptions, then if the processes are bounded,

I E[‖Ȳ(h)(t)− Ȳ(t)‖2] = O
(
h(ε2u + εu+v )

)
+ O

(
h2ε2v

)
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2. ...numerical analysis

Example: catalytic process
“Stress test” of theory

(A,C) ∼ ε−1, (B,D) ∼ 1, diffusionA,C ∼ ε, diffusionB,D ∼ 1.

A + B
kAB−−→ C + B A

εdaA−−−⇀↽−−−
ba

∅

C + D
kCD−−→ A + D B
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2. ...numerical analysis

Proposed modeling framework
RDME & DLCM

Outer scale DLCM, pressure-driven (passive) cellular movements

Inner scale ODEs, SDEs, or the RDME for the highest resolution

-Clearly doable: analyze an inner/outer RDME/DLCM split-step method
following the outlined RDME theory.
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3. Worked examples

Cellular communication: Notch Delta
Classical model from Coller et al. J. theor. Biol. 183, 1996

     431

example, in the lifetime of activated Notch or Delta
protein—can switch the system from a condition in
which the homogeneous condition, with all cells
inhibiting one another, is stable to small pertur-
bations, to one in which it is unstable and will amplify
small inhomogeneities leading to a spatial pattern of
primary fate and secondary fate cells. Less obviously,
a system that satisfies the criterion for instability but
starts off approximately homogeneous in its spatial
pattern may often move towards a spatially
homogeneous unstable equilibrium, in which all cells
inhibit one another, before developing a spatially
inhomogeneous pattern of primary fate and sec-
ondary fate cells.

The model presented here provides a simple and
versatile framework in which to investigate the effects,
not only of lateral inhibition, but also of other
mechanisms that may collaborate with the lateral
inhibition machinery to control patterns of differen-
tiation. In Section 2 we present our model and give
the assumptions it embodies. Section 3 contains
analytical and numerical results for the model, with
details of the analysis given in Appendices A and B.
In Appendix A, we analyse the two-cell (or period 2)
system, which gives important understanding of the
behaviour of the model. Appendix B contains an
extension of the linear analysis developed by Turing
(1952) for systems of discrete cells. It allows us to
predict the patterns that emerge on one- and
two-dimensional infinite domains from small pertur-
bations about the uniform steady state. In Section 4,
we discuss the nature and results of our model and
biological evidence surrounding the mechanism
of Delta–Notch mediated lateral inhibition. The
main conclusions of our modelling are presented in
Section 5.

2. The Model

We model Delta–Notch signalling in terms of a
system of cells each of which is characterised at any
instant by just two parameters: the level of Notch
activation, N, reflecting the intensity of the inhibition
the cell experiences, and the level of Delta activity, D,
reflecting the intensity of the inhibitory signal that it
delivers to its neighbours. For present purposes, the
details of the biochemistry do not matter greatly, and
there is some freedom in how we interpret N and D.
N, for example, could be taken to stand for the
quantity of ‘‘activated Notch’’ protein in the cell,
meaning the quantity of the active intracellular Notch
fragment, if we suppose Notch activation to occur
through proteolytic cleavage; or it could be
interpreted to mean the amount of the inhibitory

transcription factors of the E(spl) family that are
present as a result of Notch activation, or simply the
quantity of Notch–Delta complexes formed by
binding of Notch to its activating ligand Delta.

Our model embodies the following assumptions:

(1) Cells interact through Delta–Notch signalling
only with cells with which they are in direct
contact.

(2) The rate of production of Notch activity is an
increasing function of the level of Delta activity
in neighbouring cells.

(3) The rate of production of Delta activity is a
decreasing function of the level of activated
Notch in the same cell.

(4) Production of Notch and Delta activity is
balanced by decay, described by simple exponen-
tial decay with fixed rate constants.

(5) The level of activated Notch in a cell determines
the cell’s fate: low levels lead to adoption of the
primary fate, high levels to adoption of the
secondary fate.

These postulates result in a feedback loop between
adjacent cells, illustrated in Fig. 1. Denoting the levels
of Notch and Delta activity in cell P by NP and DP

respectively, we write

d(NP /N0)
dt

=F(D� P /D0)− mNP /N0,

d(DP /D0)
dt

=G(NP /N0)− rDP /D0, (1)

where t=time, F:[0,a)4 [0,a) is a continuous
increasing function, G: [0,a)4 [0,a) is a continuous
decreasing function. We define fMF/m and gMG/r;
then N0 and D0 are typical levels of Notch and Delta
activity respectively, chosen such that f and g are of
order 1. m and r are positive constants—the rate
constants (inverse lifetimes) for decay of Notch

F. 1. Diagrammatic representation of the effective feedback
loop between Notch and Delta in neighbouring cells. Details of the
Notch signalling pathway are omitted for clarity. Key: Delta;

Notch.

-One cell develops high Notch, the other low Notch (black/white
patterning).
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3. Worked examples

Cellular communication: Notch Delta
Inner scale: ODE, outer scale: spatial stochastic
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3. Worked examples

Pattern formation 1: colonization
In vitro results from Hallatschek, et al., PNAS 104, 2007

of annihilation events is expected to decrease for straighter
domain boundaries. The disparate domain wall wandering could
be due to differences in the mode of replication, the shape of the
cells, or the thickness of the colonies. However, even though the
local genetic patterns in colonies of different microbial species
might be quite different, the genetic segregation on larger scales
seems to be a more general consequence of a microbial range
expansion.

Conclusions
The observations presented here strongly suggest that enhanced
genetic drift at expanding frontiers can dramatically alter the
genetic makeup of large microbial populations. Neutral mutants
quickly segregate into monoclonal domains that further coarsen
as the colony grows. This coarsening process is driven by the
rugged, fractal path of the domain boundaries. The final sec-
toring of circular colonies is controlled by a balance between the
deterministic inflation of the colonial perimeter, dominant at
large times, and the stochastic meandering of domain boundaries
causing them to annihilate on short times.

More generally, our experiments demonstrate that mutations
at expanding frontiers can sweep through a population without
any selective advantage. This observation supports theoretical
arguments and genetic evidence (15, 29) that common alleles in
a population might not necessarily reflect positive selection but,
instead, recent range expansions, which have probably occurred
in many species (11, 12). Our characterization of the resulting
sector-like regions of reduced genetic diversity may serve as a
basis for discriminating these surfing mutations from sweeping
beneficial mutations. The possibility of superdiffusive wandering
(identified here for E. coli) would have to be considered in such
a discrimination.

In light of inferring past migrations from spatially resolved
genetic data, our results suggest that, apart from a much
anticipated general reduction of genetic diversity by a range
expansion, a fragmentation of the colonized regions into sectors
has to be considered, which is stabilized during expansion by an
inflationary effect. Although demonstrated here only for non-
motile microbial species, we believe that the underlying segre-
gation mechanism is quite generic for populations growing
continuously and isotropically in two dimensions. As long as
these genetic patterns are not blurred by subsequent dispersal
and population turnover, they provide a record of the coloni-
zation dynamics and information about the precolonial habitat.

Materials and Methods
Bacterial Strains and Plasmids. Our strains of immotile E. coli are
based on a DH5� background and contain plasmids expressing
enhanced (e)CFP (A206K) and Venus YFP (A206K), respec-
tively. These strains are identical except for the fluorescent
protein structures: Genes for those proteins are cloned between
the SacI and XbaI sites of the vector pTrc99A, which is Ampi-
cillin resistant and isopropyl �-D-thiogalactoside (IPTG) induc-
ible. The A206K mutation eliminates protein–protein aggrega-
tion. DH5� showed sufficient background level expression even
in the absence of IPTG. This expression allowed us to visualize
the cells in the absence of any IPTG in the medium. Measure-
ments of the exponential growth rate of both ancestral strains,
and of isolates derived from sectors, indicate that the fitness
differences are 
5% (see SI Fig. 6).

Bacterial Growth Conditions. The two strains of E. coli were grown
overnight in separate liquid cultures at 37°C in rich growth
medium (LB) supplemented with Ampicillin. After tenfold

E. coli S. cerevisiae

A B

C D

mm1 mm1

mm1 mm

mm1mm1

E

mm1

GF H

.01mm0 .01mm0

1

Fig. 4. Segregation patterns of two different microbial species are qualitatively similar but different in detail. (A and B) Both bacteria (E. coli) and yeast (S.
cerevisiae) colonies exhibit spatial gene segregation when they grow colonies on agar plates. However, the number of (surviving) sectors is much larger in yeast
colonies. For the linear inoculations (C and D), the Petri dish was gently touched with a sterile razor blade that was previously wetted by a liquid culture of a
binary mixture of mutants. (E and G) Continuous patches of boundary regions and homeland (bounded by dashed line) at a magnification of �51 for E. coli (E)
and yeast (G). (F and H) Images at single-cell resolution (�100). (F) Tip of a sector dies out (E. coli). (H) Section boundary at the frontier (yeast).

Hallatschek et al. PNAS � December 11, 2007 � vol. 104 � no. 50 � 19929
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-Through colonization the red/green gene wins.
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3. Worked examples

In silico colonization
Inner scale: non-spatial stochastic, outer scale: spatial stochastic
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3. Worked examples

Non-trivial dynamics in tumour
Mambili-Mamboundou et al., Math. Bio. 249, 2014, & Chaste
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3. Worked examples

Non-trivial dynamics in tumour
Inner scale: non-spatial stochastic, outer scale: spatial stochastic

-Finding (emergent behavior): increasing the surface means increasing
oxygen intake =⇒ steady-state is unstable.
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3. Worked examples

Sidenote: instability
In vitro and in silico results from Giverso, et al., J. R. Soc. Interface 12, 2015
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3. Worked examples

Ongoing work...
ABC parameter inversion of tumour model
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3. Worked examples

Pattern formation 2: Notch Delta & protrusions
In vivo results from Cohen, et al., Cell 19, 2010

addition, we have compared the results of this in vivo analysis

with the results of a quantitative in silico model of Delta-Notch

signaling. This systems analysis establishes intermittent cell-

cell signaling mediated via dynamic actin-based basal filopodia

as a critical factor in the gradual refinement of the pattern during

lateral inhibition, something that is hard to achieve through con-

tinuous signaling. The result is the formation of a well-ordered

pattern of gene expression, as a prelude to mechanosensory

organ differentiation.

RESULTS

Gradual Refinement of the Bristle Precursor Pattern
By cutting a small window in the opaque pupal case, it is possible

to image the development of green fluorescent protein (GFP)-

labeled Drosophila pupae live, with relative ease (Renaud and

Simpson, 2002). Using this approach we were able to follow

the process of lateral inhibition in the hours after the cuticle is

laid down, at 12 hr APF (Figures 1A–1D).

Previous work has used markers in fixed tissue to show that

bristle patterning within the dorsal thorax of the fly is initiated

at�8 hr APF and is largely complete prior to the onset of the rela-

tively synchronous asymmetric bristle precursor cell divisions at

�16 hr APF (Usui and Kimura, 1993). These studies have also

shown that bristle patterning is mediated by Notch-Delta-depen-

dent lateral inhibition, since Notch signaling is required to

prevent excess bristle formation up until�15 hr APF (Hartenstein

and Posakony, 1990). To follow his process live, we used Neural-

ized-Gal4, UAS-MoesinGFP (hereafter called Neu-GFP) as a

marker of precursor cell patterning (Boulianne et al., 1991). At

the same time, ubiquitously expressed E-Cadherin-GFP was

used to visualize apical cell-cell junctions in the tissue (Figures 1A

and 1B). Because of the time required for GFP expression and

folding (which we estimate as �1.5 hr, see below) the pattern

detected using Neu-GFP necessarily represents a view of

recently past events. Nevertheless, because very few cells in

the pupal notum divide before 16 hr APF (Hartenstein and Posak-

ony, 1989), it is possible to use this approach to follow the late

stages of lateral inhibition-mediated patterning (from �10.5 hr

APF to 16 hr APF).

It was clear from live imaging that cell movement contributes

little to the development of a well-ordered pattern during this

period of development (compare the pattern in Figure 1B at

14 hr APF with the pattern in Figure 1B’ at 26 hr APF; see Figures

S1A–S1C, available online). Significantly, however, when we

tracked the fates of GFP-labeled cells in individual animals

(labeled in Figure 1B and quantified for two representative

animals in Figure 1C), a gradual process of refinement was

observed as the initially disordered pattern steadily improved

with time (Figures 1A–1C; Figures S1A–S1C). Thus, at 12 hr

APF Neu-GFP was first seen within a relatively sparsely spaced

subpopulation of Cadherin-GFP marked epithelial cells (which

express Sanpodo, Cut, and Senseless, Figures S1D–S1G). By

14 to 16 hr APF this array of GFP-positive cells expressing

proneural markers appeared overcrowded and poorly organized

(Figures 1A–1C; Figures S1A–S1C). A well-ordered pattern then

emerged after 16 hr APF, as �25% of Neu-GFP cells residing in

densely packed regions of the notum downregulated proneural

gene expression (arrows in Figures 1A; blue cells in Figure 1B;

Figure S1). This led to a significant increase in the spacing of cells

destined to take on a sensory organ precursor (SOP) fate (as

measured by the expression of Neu-GFP, Sanpodo, Cut, and

Senseless) (Figure S1) and an accompanying 2.5-fold reduction

in the variance of the spacing of Neu-GFP cells (from 2.0 at 16 hr

APF to 0.8 at 26 hr APF) (Figure 1D).

The end of this period of refinement was concomitant with a

burst of cell division in the tissue. This led to a large number of

Neu-GFP positive cells now lacking markers of bristle precursor

identity (Figure S1) undergoing symmetrical epithelial divisions

(small arrow, Figure 1A00 0, and weak GFP-labeled epithelial cell
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Figure 1. Gradual Refinement of the Bristle

Precursor Pattern in the Drosophila Notum

(A–A00 00 0 ) A row of Neu-GFP cells is shown as the

pattern refines over pupal development within an

E-Cadherin-GFP labeled epithelium. Small arrows

indicate Neu-GFP cells that fail to become bristle

precursors. Large arrow indicates the late appear-

ance of a bristle precursor in place of an adjacent

one that was poorly positioned.

(B–B0) Cells marked in red develop into bristle

precursor cells, those in blue lose proneural gene

expression, and cells marked green are basally

extruded.

(C) Graphs show total number of Neu-GFP cells

(black), cumulative Neu-GFP count (blue), cells

that have lost Neu-GFP expression (green), or

were basally extruded (red) during development

in two flies.

(D) Changes in mean cell spacing and variance

(represented by error bars) during development

for three Neu-GFP flies (at 14 and 26 hr APF).

Epithelial adherens junctions are labeled with a

ubiquitously expressed E-Cadherin-GFP. Scale

bars = 10 mm. APF = After pupa formation.

Neu-GFP = Neuralized-GAL4, UAS Moesin-GFP.

(See Figure S1).
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3. Worked examples

Protrusions
In vivo results from Cohen, et al., Cell 19, 2010

modes of contact-mediated cell-cell communication on bristle

precursor spacing. The model is schematized in Figure 5A. It

comprises a row of adjacent cells that are assigned apical

cell-cell interfaces (A), basal lamellipodia (L), and filopodia (F),

whose length distributions and dynamics were taken directly

from biological data (Figure S4E). We focused our analysis on

four potential mechanisms of signaling illustrated in Figure 5A:

(1) signaling across apical adherens junctions, (2) lamellipodia

to lamellipodia signaling, (3) filopodia to lamellipodia signaling,

and (4) filopodia to filopodia signaling.

The algorithm used to model these different modes of intercel-

lular Notch-Delta signaling based on equations 1 to 3, above, is

described in Table S1. For this analysis, filopodia were modeled

based upon an average lifetime, and a characteristic length and

variation in length derived from experimental data. Although

stable patterns emerge in each case (Figure 5B), Delta-express-

ing cells remain densely packed in simulations modeling apical

or lamellipodial signaling. When we modeled static filopodia

(by fixing the distribution of protrusion lengths implemented at

the first time step for the entire simulation), the mean spacing

was 3.8 ± 0.04 cell diameters, well below the lower limit of

spacing observed in wild-type flies, and patterns of Delta-ex-

pressing cells were poorly ordered (Figure 5B).

Significantly, however, when we simulated realistic filopodia

(based on data in Figure S4, Filopodia length = F_ m = 1.4 cell

diameters, standard deviation = F_s = 0.3 and F_rate = 0.01,

equivalent to a mean filopodial lifetime of 100 time steps in the

model and �500 seconds of developmental time for a pattern

that stabilizes within 7.5 hr), the model was found to generate

a stable pattern very close to that observed in flies (final spacing

in the model was 4.5 ± 0.04 cell diameters between precursor

cells, as compared with 4.6 ± 0.09 in the fly). As shown for the

model of apical signaling (Figure S3), this result was extremely

robust to changes in parameter values governing Notch-Delta

signaling itself (data not shown). As expected, the inclusion of

protrusions in simulations also removed the bias seen in models

of apical signaling against cells with small apical domains

becoming bristle precursors (data not shown).

Similar results were obtained using equivalent two-dimen-

sional (2D) models that enable nonneighboring cells to signal

A A' A''

B B' B'' B''' B''''

0 sec 75 sec 150 sec 225 sec 300 sec
C C' C'' C'''

D D' D'' D'''

E E' E'' E''' E''''

F F' F'' F''' F''''

14h APF 15.5h 17h 20h

14h APF 16.5h 24.5h 25.5h20h

5µm 11µm0µm

Figure 4. Filopodial to Filopodial Touching Precedes Bristle Precursor Pattern Refinement

(A–A00) An apical-basal scan through the epithelial monolayer of Neu-GFP flies during patterning (distances from the apex as labeled) reveals basal lamellipodial

and filopodial extensions.

(B–B00 00) Basal filopodia are dynamic and exhibit lifetimes of �500 s (data not shown).

(C–F) Apical (C and E) and basal (D and F) confocal slices showing basal interactions between cells that precede apoptosis (arrow C00) or a symmetric cell division

(arrow E’) by �3 hr as measured using the Gal4-UAS system. (See Figure S6).
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3. Worked examples

Protrusion interactions model
In silico model from Hadjivasiliou, et al., J. R. Soc. Interface 13, 2016

A B

C

Direct (neighbor↔neighbor), via protrusions (A↔B), and non-symmetric (B↔C).

(Uppsala University) Bridging the scales... 191107 SBS Stuttgart 33 / 37



3. Worked examples

Spatial discretization

Left: single cell discretization, middle: cell population layer, right: grids

combined.
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3. Worked examples

Notch Delta: differential weighting of signals
Inner scale: spatial stochastic, outer scale: spatial stochastic
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Summary

Summary

I Microscopy data, mostly for inspiration...

I “How to think”: realistic & useful models, through
flexible/understandable/generalizable

I 1. Modeling: inner/outer scale, RDME/DLCM one suitable such
combination, consistency through time-continuous coupling,
event-based computational framework (fast!)

I 2. Analysis: the RDME framework, stability, analysis of basic
numerical methods, doable: bring this to the RDME/DLCM
combination.

I 3. Examples: flexible coupling cell-to-cell/cell-to-environment
(solutions in URDME @ GitHub, www.urdme.org)
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Summary

Thanks

Programs, Papers, and Preprints are available from my web-page.
Thank you for the attention!
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